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PE CHINH THUC Thoi gian lam bai: 150 phiit (khéng ké thoi gian giao dé)

Cau 1. (3,5 diém)

2

a. Giai phuong trinh (x2 —x+ 1)(x2 +4x+ 1) =—4x*.

b. Giai phwong trinh v/x+3 ++/5—x —24/15+2x—x" = 4.

. X+ +xy+3x=14y
c. Giai h¢ phuong trinh ) .
(x +3x)(x+y—3) =18y
Céu 2. (1,5 diém)
a. Tim tat ca cac s6 nguyén td p va ¢ sao cho p* +3pg+4¢° 1a mot s6 chinh phuong.
b. Tim tat ca cac s6 nguyén t6 p sao cho ton tai cac s6 tu nhién x, y théa man x* +y° —6xy = p—8.
Cau 3. (1,0 diém)

Cho céc s6 thuc duong a, b, ¢ thoa mén diéu kién a® +b> +¢* + ab + be + ca < 3. Ching minh rang;

32

a. a+b+c£T.

2ab+3 2bc+3 2ca+3
. -+ >+ ==
(a+b)” (b+c) (c+a)

Céu 4. (3,0 diém)
Cho tir gidc ABCD ndi tiép dudng tron (O) sao cho hai tia B4 va CD cét nhau tai diém E, hai tia AD va BC

cat nhau tai diém F. Goi G, H 1an luot 1a trung diém cta AC, BD. Pudng phéan gidc ciia cac goc BEC va AFB
cit nhau tai diém K. Goi L 1 hinh chiéu vuéng goc cua K trén duong thang EF. Ching minh rang;

a. DEF + DFE = EBF va KL=~LE.LF .

b. GED = HEA va EG.FH = EH FG .

c. MB + NB = 2.ﬁ ; trong d6 M 1a giao diém cua hai dudng thang EK va BC, N 1a giao diém cuia hai duong
MC NA KG
thang FK va AB.

Cau 5. (1,0 diém)

Thay Hung viét cic s6 nguyén 1, 2, 3, ..., 2021, 2022 1én bang. Thay Hung xo6a di 1010 s bét ki trén bang.
Chung minh rang trong cac sd con lai trén bang ludn tim duoc:

a. 3 sO c6 tong cac binh phuong 1a hop sd.

b. 504 s6 c6 tong cac binh phuong chia hét cho 4.

Thi sinh khong dwoc si dung tai ligu. Can bé coi thi khong gidi thich gi thém./.



LOI GIAI DE THI TS VAO LOP 10 CHUYEN TOAN TiNH VINH PHUC )“
Dugc thye hien bdi Nguyén Nhat Huy, Thay Trinh Van Luan

Bai 1:

a) Gidi phuong trinh (22 — x + 1)(2? + 4z + 1) = —4a”.

b) Giai phuong trinh v/z + 3+ /5 — 2 — 215+ 22 — 22 = —4.

22+ 2 + 2y + 3z = 14y
c) Giai hé phuong trinh
(2% 4+ 3x)(x +y — 3) = 18y

Huéng dan giai

a) (2?2 —x+1)(2* + 4z + 1) = —4a?.

e V6ix =0thi VI =1;VP =0, nén x = 0 khong phai la nghiém ctia phuong trinh.
e V6i 2 # 0 ta chia ca hai vé clia phuong trinh cho 22, ta dudc
1 1
(x—l—i——) (x—|—4+—> = —4.
x x
1
Dat (x -1+ —> = a, phuong trinh tré thanh a(a +5) = —4
x

s a’+5a+4=0

-3-5
1 1= 92
—Véia=—-4=z+--1=-42°+3x+1=0& .
T -3++5
Ty = ————
2
b) Vv +3++v5—z—2V15+ 2z — 22 = —4
SVr+3+V5—2=2V15+22 — 22— 4. (¥
xr+3>0
Dicu kien < 5 — 2 > 0 S 1-2v3<x<1+2V3.

V15 +22 —22—-22>0
(*)(:)x+3+5—x+2\/15+2x—x2:4(15+2x—x2—4\/15—|—2x—x2+4>

& 4(15 + 2z — %) — 18V15+ 2z — 22 + 8 = 0.
Dat V15 + 2x — 22 = a > 2, ta ¢6 phuong trinh




20> —9a+4=0
< (a—4)(2a—1)=0
Sa=4(via>2)
Khi d6, véia =4 = V15 + 2z — 22 =4
& -1’ +20+15=16
< x =1 (thod méan diéu kién)
Vay tap nghiém ctia phuong trinh S = {1}.
P+ oy +3r=14y (1)
(2 +3z)(z+y—3)=18y (2)
x=0

e V6iy = 0 phuong trinh (1) tr6 thanh 2243z = 0 & . Ta thay (0;0), (—3;0)
T =-3

thod man phuong trinh (2), nén (0;0), (—3;0) la hai nghiém ctia phuong trinh.

e VGi y # 0, chia ca hai vé cia phuong trinh cho y ta dugc

2
3
x+x+(x—|—y):14 $2+3x:a
°+3 bae ! '
x x
(x+y—3)=18 r+y—3=»b
a+b=11 b=9=a=2
Hé phuong trinh tré thanh & .
(2% + 3x
a=2 =) 22 +52—-24=0 r=3y=9
— Véi = < Y & & )
b=9 lz+y—-3=9 y=12 -z r= -8y =20
(12 + 3z
a=9 =9 22+ 122 —45=0 r=3y=2
— V6i = < Y & & .
b=2 lz+y-3=2 Y =5=am x = —15y =20

Vay hé phuong trinh c¢6 6 nghiem (0;0), (—3;0), (3;9), (—8;20), (3;2), (—15;20).
—

Bai 2:

a) Tim tat ca cac sO nguyén t6 p va g sao cho p* + 3pq + 4¢* 1a mot s6 chinh phuong.

b) Tim tat cd cic s6 nguyen t6 p sao cho ton tai cic sé tu nhién x,y thod man

Huéng dan giai




a) Gia st (p,q) 1a cap s6 nguyén t6 sao cho ton tai s6 nguyén duong r thda man
P’ +3pg +4¢° =17, (1)
Truong hgp p, ¢ déu khac 3, ta c6 p> = ¢* =1 (mod 3) va vi thé nén
2 =p>+3pg+4¢° =p* +¢* =2 (mod 3).
diéu nay mau thuan nén mot trong hai s6 p, ¢ phai bang 3. Ta xét hai truong hgp sau.
e Néu p = 3 thé vao (1) ta duge
(20+2)2 =4 +8q+4<r*=4¢°+9¢+9 < 4¢° +12¢ + 9 = (2¢ + 3)*.

Diéu nay vo Iy nén truong hop nay khong c6 gia tri thda man.

e Néu g = 3 thé vao (1) ta duge
(p+4)?<r’=p"+9+36 < (p+6)°
Do d6 r? = (p + 5)? tuong duong véi p = 11.
Vay chi c6 duy nhat 1 cap nguyén t6 (p,q) thdéa man bai toan 1a (11, 3).
b) V6i cac s6 x,y, p théa man gid thiét, ta co
2?4y 4282 -3r.y-2=pe(z+y+2) (x2+y2+4—a:y—2x—2y) =p.
Do z,y nguyén duong nén ta dugc z + y + 2 > 2 tu lap luan trén va nhu vay

08 2 ) =} (1)
4y +4—zy—2c—2y=1. (2)

Tit (1), ta cd y = p — x — 2. Thé vao (2) rdi bién doi tuong duong, ta duge
32 4 (6 — 3p)x + (p* — 6p+11) = 0.

Coi phuong trinh trén la mot phuong trinh bac hai an z. Ta can c¢6 A, la s6 chinh
phuong. Ta tinh duge

A, = (6 —3p)* — 4.3. (p* — 6p + 11) = —3p* + 36p — 96.

Ta dé thu duge 4 < p < 8 tit A > 0. V6i yéu cau chon p 1a s6 nguyeén t6 ta duge p € {5, 7}
Thit vé6i p = 7, ta tim duge (z,y) = (2,3) va (z,y) = (3,2).

Thit v6i p = 5, ta tim dugce (z,y) = (1,2) va (z,y) = (2,1).

Vay p € {5, 7} 1a cac s6 nguyén t6 thoa man dé bai.



Bai 3:

Cho cac s6 thuc duong a, b, ¢ thod man dicu kien a? + b% + ¢ + ab + bc + ca < 3. Chiing minh

rang

3v2

a) a+b+c<—

2ab+ 3 L 2bc + 3 . 2ca + 3
(a+b)? (b+¢)? (c+a)?*

Huéng din giai

a) Tit gid thiét, suy ra 6 > 2(a* + b? + ¢ + ab + be + ca)

=a’>+ b + A+ (a* + % + & + 2ab + 2bc + 2ca)

b+ c? 4
>M+(a+b+0)2:§(a+b—l—c)2
6-3 3 2
S a+b+c< T:Tf Déu " "xéyrakhivéchikhia:b:c:%.

2ab+3  2bc+3  2ca—+3

b 1).
Vvt or o T eraer W
2ab+3 _ 2ab+ a4+ b* 4+ +ab+bc+ ca
Tu thiét ta tha >
U gid thiét ta ay( 0 2 CEE
(a+b)?*+(b+c)(c+a)
B (a+ b)?
B (b+c)(c+a)
=1+ (a+b)2
(b+c)c+a) (c+a)a+b) (a+b)(b+c)
>
Tuong tu, VT (1) > 3+ (0t b7 0+ o) (cta)?
Jb+c)c+a) (c+a)(a+b) (a+b)(b+c)
- . . —6=VP(1
—3+\/ (a+0)2 CETE craz —0-VPWD)
Dau "=" xdy ra khi v chi khia = b= c = g
Bai 4:

Cho tit giac ABCD noi tiép duong tron (O) sao cho hai tia BA va C'D cat nhau tai diem FE,
hai tia AD va BC cét nhau tai diém F. Goi G, H lan lugt la trung diém ctia AC, BD. Dudng
phan giac ctia cac goc BEC va AFB cét nhau tai diém K. Goi L 14 hinh chiéu vudng géc ciia
K trén dudng thang EF. Chung minh ring:

a) DEF + DFE = EBF va KL = LE - LF.

b) GED = HEA va EG.FH = EH - FG.

MB NB KH
c) UC + — VA =2 Viek . trong d6 M la giao diém ctia hai duong thang EK va BC, N la

giao diém ctia hai dudng thing FK va AB.




Huéng dan giai

a) Vi ABCD la t1 gidc noi tiép nén

EBF = ABC = 180° — ADC = 180° — EDF = DEF + DFE

Bing cac phép bién dbi géc ta co

KFE—FKEF:f—l—BFE—l—BEF

_ 360° — FAB —QBC’E — 2ABF . ABF

— 90° — ABF + ABF = 90°

Do d6 AKEF la tam giac vuong tai K, c6 KL la duong cao nén theo hé thic luong ta
duge KL? = LE.LF suy ra KL = LE - LF. Vay bai toan dugc chiing minh.



I b) Ta c6 AEAC «~ AEDB(g-g) vi ¢ BEC chung, EAC = BAC = BDC = BDE.
Ma EG, EH la trung tuyén cia AEAC, AEBD nén AEAG -~ AEDH.

— ——  EG AG AC FG AC
Suy ra ;}gD —E}éEA & e = 5 = B Tuong tu ta duge T = BD
Do do6 T = g SWra EG-FH = EH - FG. Vay bai toan dugc chiing minh.

¢) Theo b) ta duge EK la phan giac GEH. Tuong tu ta duge FK la phan giac GFH. Goi
K’ 1a giao cia EK v6i GH. Theo tinh chat duong phan giac ta c6

K'G EG FG
K'H EH FH’

Suy ra F'K’ 1a phan giac GFH. Do d6 K trimg K'. Nen H, K, G thang hang.
Vi EK la phan giac nén theo tinh chat duong phan giac két hgp véi phuong tich, ta dude

MB EB ED FEH KH
MC EC EA EG KG’
NB KH MB NB KH

T —_— = — — =2 —.
uong tu ta duge NA = KC suy ra VG 4 . E

Vay bai toan dudc ching minh.
—
Bai 5:

Thay Hung viét cac s6 nguyen 1,2, 3,...,2021,2022 len bang. Thay Hung xo4 di 1010 s6 bat

ki trén bang. Chiing minh ring trong cac so6 con lai trén bang luon tim duge
a) 3 86 co tong cac binh phuong 1a hgp s6.

b) 504 s6 c6 tong cac binh phuong chia hét cho 4.

Huéng dan giai

a) Tren bang c6 tat ca 2022 s6 nguyén duong dau tien. Sau khi x6a di 1010 s6 trén bang,
ton tai it nhat 1 s6 chén con lai trén bang luon tao véi 2 s6 16 tong cac binh phuong chén

nén ching 1 hop s6.

b) Céc s6 chinh phuong 1é luon dong du 1 (mod 7) va cac s6 chinh phuong chén luon chia
hét cho 4.
Suy ra tong cic binh phuong ctia 504 s6 18 luon chia hét cho 4 (504 chia hét cho 4).
Gia sit 86 cac s6 chén trén bang con lai it hon s6 1é nén s6 s6 16 16n hon 506 s6.
Khi d6 ton tai tong céc binh phuong 504 s6 1é thda man hodc néu sb céc sd chin trén
bang con lai nhiéu hon s6 1. Suy ra s6 sé chin 1én hon 506.

Vay tong cac binh phuong 504 s6 dé luon chia hét cho 4.
—
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