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x o ox=Jx  xfx+x
a) Rat gon biéu thirc P.

b) Tim gi4 tri nho nhat cia biéu thirc P.
Céu 2. (1,5 diém) Cho phuong trinh (x—1)(x* —2x+m)=0 (1) véi m la tham s6. Tim tht ca céc
111

.7 c 9 A A \ r , ‘A A ‘A ” ~ 1
gié tri cua tham s6 m dé phuong trinh (1) c6 dung ba nghiém phan bi¢t thoa man — + — +—= 3
X X X

Ciu 1. (2,0 diém) Cho biéu thirc P = véi x>0,x#1.

Cau 3. (2,0 diém)
a) Giai phuong trinh: (x—1)(x—3)+6=4vVx’ —4x+6.
x> +4xy+10x-12y* -12y+9=0

J3y—2-— X+ =xy—2y—-2

2
Céu 4. (2,5 diém) Cho tam giac ABC nhon ndi tiép duong tron tim O ban kinh R. Goi H la tryc
tam cua tam gidc ABC, M 1a di€m bat ki trén cung nhé BC. Goi 7,J lan luot 1a hinh chiéu cua
M 1én cac duong thang BC,CA. Pudng thang IJ cit duong thang AB tai K .
a) Chung minh bon diém B, K, M, I cing thudc mot duong tron. Tir d6 suy ra MK 1 AB.
b) Goi M|,M,,M, 1an luot 1a cac diém ddi xing cia M qua cac duong thang BC,CA, AB.
Chirmg minh bén diém M, M,, M va H thang hang.
¢) Chimg minh khi diém M di dong trén cung nhé BC ta ludn cd M My <4R.sin BAC.
Xéc dinh vi tri ciia diém M khi ddu bang xdy ra.
Ciu 5. (1,0 diém)
a) Giai phuong trinh nghiém nguyén: x* —6y” +xy+2y—x—-7=0.

b) Giai hé phuong trinh:

b) Cho x,y 1 cic s6 nguyén théa man x° —2021y° +2022 chia hét choxy. Chimg minh rang
x, 1a cac s6 1& va nguyén té cing nhau.

CAu 6. (1,0 diém) ,

a) Cho a,b la cac so thyc duong théa man a+b=2.

2 2

- b >1.
b+1 a+l
b) Cho a,b,c 1a cac sb thuc duong thoa man Vab+a+b+1+c=6.
2a+1 N 2b+1 N 2¢+2

a+l b+l  c+2

Chirng minh:

Tim gi4 trj 16n nhit cta biéu thie P =

- Thi sinh khong duoc su dung tai liéu.
- Giam thi coi thi khong giai thich gi thém.
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DAP AN VA THANG DPIEM
Ciu 1. (2 diém)

2x+3+x\/;—1_x2+\/;
\/; x—\/; XVXx+Xx

Cho biéu thitc P = véi x> 0;x #1

Rt gon biéu thirc

2x+3+x\/;—1_x2+\/;
\/; x—\/; XVXx+x
_2x+3 (\/;—l)(x+ x+1)_\/;(\/;+1)(x—\/;+1)

P=

W () o(Vx+1) 05
_2x43 atxdl x-xdl 0.25
_x Vx Vx
C2x+2x+3 0.25
S e

Tim gi4 tri nho nhit cua P

3 3 0.25
P=2Jx+——+2>2 /2\/}.—+2
Jx Jx

=216 +2 0.25
Vay GTNN ciia P =26 +2 0.25
i 3 3 A
khi va chi khi 2Jx =—— < x== (thoa man diéu ki¢n)
Jx 2 0.25
Ciu 2. (1.5 diém)
Noi dung Piém

Cho phuong trinh (x—l)(x2 —2x+m) =0(1) véi m la tham s6. Tim tat ca céc gié tri
1 1

cua

tham s m dé phuong trinh (1) co dung ba nghiém phan biét thoa man 1 + RS +—=—.

x x, x; 3




Ta co:
( 1)(2 2x+ ) 0<:>x:1
X — X —ZX+Tm)=
X =2x+m=0 (*) 0.25
Dé phuong trinh (1) cd ba nghiém phan biét x,x,,x, thi phuong trinh (*) phai c6
hai nghiém phan biét khac 1.
0.25
A'=1-m>0 m<1
= < m<l 0.25
f(l)iO(f(x)=x2—2x+m) {m;tl
Do vai tr0 céc nghiém nhu nhau, goi x; =1 va phuong trinh (*) c6 hai nghiém | 0.25
A 1ia e X EX =2
phan biét x;,x, thoa man hé thirc viet
xl.X2 =m
NP SRR SRR SR SR S S () as g 1A 11
Tur yéu cau bai todn: —+—+—=— thi phuong trinh ( ) phai c6 nghiém khéac 0
x x, x; 3 0.125
hay m#0
i+i+i:lc>mz—g<:>£:—z<:> m =-3 théa man diéu kién. 0.375
X x, x3 3 XX, 3 m 3
Ciu 3. (2 diém)
No6i dung ‘ Diém
a) Giai phuong trinh: (x—1)(x—3)+6=4Vx* —4x+6.
Phuong trinh da cho < x> —4x+6-4vx’ —4x+6+3=0 0.25
Dit t=+x*—4x+6>0
) NP ) t=1 0.25
Phuong trinh tré thanh: > -4r+3=0 < 23
_ —2447 0.25
Vi 1237 Ar 6 =3 ¢ —dx_3=0es| =2V
x=2-7
Vi 1=1= V¥ —4x+6 =1 x* —4x+5=0(wn). 0.25

b) Giai hé phuong trinh:
x> +4xy+10x—12y° =12y +9=0

J3y—-2- /x;-S =xy—2y-2




x=-5
bK: >2
Y23
Tacod (1) x> +2(5+2y)x—12y° =12y +9=0 0.125
A, =16(y+1)° >0
{x=2y—1
7l x=—6y-9
e 0.125
*Voi x=—6y—-9<-13 loai. 0.125
* Vo1 x =2y —1 thay vao phuong trinh (2) ta duogc:
2 0.25
J3y—-2-y+2=2y"-3y-2
2(y—2)
—(y-2)(2y+1)=0
\/3y—2+\/y+2 (r=2)(2y+1)
y=2
0.125
=2y 1) =0 ()
\/3y—2+\/y+2
+ Véi y =2 = x=3(thda man diéu kién). 0.125
+ Xét phuong trinh (**)
0.125
2
=2y+1 (**
J3y—2+y+2 el ()
Viyzgnén: \/3y—2+\/y+22 z+2>\/§: 2 <2
3 V3 J3y—2+4y+2
Ma 2y+1>§+1>\/§
Vay phuong trinh (* *) v6 nghiém.
Két luan: hé c6 nghiém duy nhat (x;y) = (3; 2) .
CAu 4. (2.5 diém)
No6i dung ‘Diém

Cho tam gidc ABC nhon ndi tiép duong tron tim O ban kinh R. Goi H la tryc tam cua
tam giac ABC, M 1a di€m bat ki trén cung nho BC. Goi /,J lan luot l1a hinh chiéu cua
M 1én cac dudng thing BC,CA. Puong thang IJ cit dudng thang AB tai K .
a) Chimg minh bon diém B, K, M,I cing thuoc mot duong tron. Tir d6 suy ra
MK 1 AB.
b) Goi M|,M,,M, 1an luot 1a cac diém d6i xtng ctia M qua cac dudng thing




BC,CA, AB . Chting minh bon diém M,,M,,M; va H cung thuc mot dudng
thang.

Chtmg minh khi diém M di dong trén cung nhdé BC ta ludn c6
M, M, <4R.sin BAC. Xéc dinh vi tri cia diém M khi d4u bing xay ra.

a)
2
M
I 1
J
0
-
u C
M,
K
M
a) Taco: MIC = MJC = 90" (gt) nén tir giac LJCM ndi tiép 0.125

Do d6: KIM = JCM ( trong bang ngoai dinh d6i) 0.125
Tir gide ABMC 1di tiép nén KBM = ACM = JCM 0.25

T d6 suy ra KIM = KBM = BIMK noi tiép.

Vay bdn diém B, K, M, I cing thudc mot dudng tron. 0.25
Do BIM =90° = BKM =90 = MK L AB (dpcm) 05
Lwu y: khi hoc sinh vé diém M sao cho J nam ngodi AC, K nam trong AB van dat
diém toi da.
b)
Taco 1J//MM,,JK | /MM, 0.125

va theo gia thiét c6 7,J,K thang hang nén ta co cac diém M 1My, M,y thang hang. | 0 125




ta co AM3B+ZH\B:A/M\B+(18OO—A/@) 025
ma ta c6: AMB = ACB ,nén AM; B + AHB =180° nén nén tir gidc AHBM , ndi tiép
tir 6 ta c6 AHM, = ABM; = ABM
0.125
hoan toan tuong tu ta c6: AHCM , ndi tiép
tir d6 ta 6 AHM, = ACM, = ACM 0125
Ma ta co: ACM + ABM =180°, vi ABMC néi tiép 0.125
AHM, + AHM , =180° 0.125
Tur d6 suy ra M, H, M, thang hang '
9) ’
Vi M,,M; lan lugt 1a cac diém doi xung cua M qua AC,4AB nén ta co
AM = AM, = AM hay tam gidc AM, M, cantai A. 0.15
Ké duong cao AD cua tam gidc AM,M, suy ra AD cling 1a phan gidc cua
M, AM,
Mit khéc ta c6 M, AM, = MyAM + MAM, = 2MAB + 2MAC = 2BAC 0 1o
suy ra M;AD = BAC '
Trong tam giac vudong M;AD c6 M;D = AM, sin]\m = AM sin BAC . 0.195
Ma M,M; =2M,D = M,M; = 24AM sin BAC '
Vay M,M, <4R.sin BAC 01os
Vi sin BAC cb dinh nén M,M, 16n nhét khi AM 16n nhét tic 1a AM 1a dudng |
kinh.
Cau 5. (1 diém)
Noi dung | Piém
a) Giai phuong nghiém nguyén x° —6y” +xy+2y—x—7=0.
Phuong trinh di cho < (x=2y)(x+3y)+2y—-x-7=0 0.125
0.125

<:>(x—2y)(x+3y—1)=7

Tir d6 suy ra x—2y la u6c cua 7 , tp cac gia tri wdc cua 7 1a {~7;-1;1; 7} .Ta 6
cac truong hop sau.

x=2y=-7 x=2y=-7
* = (vn)
x+3y—-1=-1 Sy=17




X—=2y=- x=2y=-1 x=-3 A

{ @{ @{ , (nhan) 0.125
y —

x=2y=1 x—2y= (vn)

x+3y 1=7 5y:7

x+3y lzl

Vay cic cap nguyén (x, y)thoa man phwong trinh 1a (-3;-1),(5;-1).
0.125

b) Cho x,y nguyén va thoéa man x> —2021y” + 2022 chia hét cho xy . Chirng minh rang
x, 14 hai s6 1& va nguyén té cting nhau.

*Néu x,y 13 hai s6 chin thi x* —2021y° +2022 khong chia hét cho 4 va xy chia | 0.125
hét cho 4 (v0 Iy).
Néu x,y c¢6 mot s6 chan, mot s6 1é thix* —2021y° +20221a s 1é va xp 1a s6 chin
(v 1y).
Vay x, yla cac sb 18. 0.125
*Gid str (x,y)=d suyra x’ —2021y”va xy chia hét cho d°. 0.125
Tir gia thiét suy ra 2022 chia hét cho 4.
Lai do 2022=2.3.337nén d €{1,2,3,337}.
Néu d >1 thi 2022 chia hét cho hodc 4,9,337%(vo Iy). 0125
CAu 6. (1 diém)
No6i dung | Diém
2 2
a) Cho cac so thuc duong a,b théa man a +b = 2. Chimg minh rang; ba 1 + b 1 >1.
+1 a+
2 2 +pY 0.25
R SN L) N X, y>0.
X y x+y
Bién d6i twong duong a’y* +b°x* 2 2abxy < (ay - bx)2 > 0 (dung)
. 2 2 +b)’ , . , 0.25
*Khi d6 -2+ b > (a ) =1(di€u phai chiing minh).
b+1 a+1 a+b+2
a) Cho a,b,c 1a cac s6 thuc duong thoa min Vab+a+b+1+c¢=6.
s . 2 2a+1 2b+1 2¢+2
Tim gi4 tri 16n nhat cua biéu thirc P = arl byl e .
a+l  b+1 c+2
1 1 2
Taco P=6— — — .
a+l b+1 c+2 0.125




Theo BDT Cauchy ta co6 1 + 1 > 2 __2
a+1 b+1 \/(a+1)(b+1) 6—c

Khido P<6-—>——2_
6—c c+2 0.125
, 1 1 4 1
Ta co + > =— (do 0<c<6).Suyra P<5.
6-c c+2 6-—c+c+2 2
o |atl=b+l d=b=3 0.125
Dau bang xdy rakhi {6—-c=c+2 = .
+1)(b+1)+c=6
(ax1)(b+1)+c 0.125

Vay gia tri 16n nhét cua P béng 5 dat duwoc khi a=b=3,c=2.

Chii y: Moi 10 gidi ding déu dwoc diém téi da ciia cdu héi do.
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